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EXPLICIT FORMULAS FOR WHITTALKER FUNCTIONS ON
CLASSICAL GROUPS

Taku ISHIT*

Abstract: We give explicit recursive relations for Whittaker func-
tions on classical groups and its application to archimedean zeta

integrals.
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INTRODUCTION

In the theory of automorphic forms Whittaker
functions play very important role. In this note
we collect our recent results ([4], [2], [3]) on ex-
plicit formulas for Whittaker functions on classi-
cal groups.

Let us briefly recall the simplest case SLa(R).
A Maass wave form f is an automorphic form on
the upper half plane = {z = 2 ++/—1y | y > 0},
which is an eigenfunction of the Laplacian of $),
that is, f satisfies

(st o)1)= (1))
(v € C). Then f has the Fourier expansion of the
form
Fla + v/ "Ty) = ay"+/? 4 py—v+1/2
+ Z any/y K, (27|nly) exp(2mv/—1nx),
n#0

where K, (z) is the modified K-Bessel function
(= class one Whittaker function on SLy(R)) and
satisfies Bessel’s differential equation

[(z%f — (2 + VQ)] K,(z) =0.

When v ¢ Z, the fundamental solution of this dif-
ferential equation around z = 0 is {[,,(2),I_,(2)}
with

SN
L(z) = mzz:o m!T(v+m+1)

the I-Bessel function (= fundamental Whittaker
function on SLy(R)) and there is the relation

(I-u(2) = 1(2))-

We shall discuss explicit formulas of these spe-
cial functions on higher rank groups. Our explicit
formulas are applicable for archimedean theory of
automorphic L-functions such as the computation
of archimedean L-factors.

K,(z)=

2sinvmw
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1. WHITTAKER FUNCTIONS FOR CLASS ONE
PRINCIPAL SERIES REPRESENTATIONS

We recall the notion of Whittaker functions for
class one principal series representations of real
semisimple Lie groups. Let GG be a real semisim-
ple Lie group with finite center and g its Lie al-
gebra. Fix a maximal compact subgroup K of G
and put ¢ = Lie(K). Let p be the orthogonal com-
plement of £ in g and € the corresponding Cartan
involution. For a maximal abelian subalgebra a
of pand o € a*, put g, = {X € g | [H,X] =
a(H)X,VH € a} and A = A(g,a) the restricted
root system. Denoted by AT the positive system
in A and II the set of simple roots. Then we have
an Iwasawa decomposition g = n @ a ¢ ¢ with
n =73 . ca+fa- Let G = NAK be the Iwasawa
decomposition corresponding to that of g. We de-
note by W the Weyl group of the root system A.

Let P = M AN be a minimal parabolic sub-
group of G with M = Zk(A). For a linear form
v € af = a* ®g C, define a character exp(v) on
A by exp(v)(a) = exp(v(loga)) (a € A). We call
the induced representation

I(v) = L*d$ (1 @ exp(v + p) @ 1y)

the class one principal series representation of G.
Here p = % Ea€A+ mea is the half sum of positive
roots (m, = dimg,).

Let n be a unitary character of N. Since n =
[n,n]®> e Jas 7 is determined by the restriction
Na = dnlg, (o € II). The length |n4| of 7, is
defined as |n,|?> = 2 1<i<m(a) —dn(Xa.i)? (note
that dn(X.;) € v—1R), where the root vector
Xa,i is chosen as B(Xq,i,0Xa,;) = —0i; (1 <
i,7 < m(a)). Here B(, ) is the Killing form on g.
In this note we assume that 7 is nondegenerate,
that is, no # 0 for all @ € II. For such 7, the space

CX(N\G) = {f € C*(G,C)
| f(ng) =n(n)f(g),¥(n,g) € N x G}

becomes a (gc, K)-module. For a nonzero inter-
twining operator ® between I(v) and C°(N\G)



2

and a spherical vector vg € 7,, we call the im-
age ®(vg) the Whittaker function for the class one
principal series. We denote by

Wh(v,n)
={®(vo) | © € Homq. i)(I(v), O (N\G))}

the space of Whittaker functions. Because of Iwa-
sawa decomposition, Whittaker function w is de-
termined by its restriction w| to A, which we call
the radial part of w. Let Wh(v,7)™°¢ be the sub-
space of Wh(v,n) consisting of moderate growth
functions. Here is the well-known results (see [7],

[9)):

e dimc Wh(r,n) = W],
e dimc Wh(y,n)med = 1.

Hashizume [1] constructed a basis of the space
Wh(v,n) by a power series M, ,, whose coefficients
are characterized by a recurrence relation coming
from Casimir operators. In the next section we re-
view the construction of M, ,, which we call fun-
damental Whittaker functions.

The unique moderate growth Whittaker func-
tion has an integral representation introduced by
Jacquet [6]:

Win(g) = /N 0 (n)a(wng)”** dn

where w is the longest element in W and g =
n(g)a(g)k(g) means the Iwasawa decomposition of
g € G. It gives a unique moderate growth Whit-
taker function and it is known that as a function
of v, W, ,, converges absolutely and uniformly on
{v € af | Re((rv,a)) > 0 for all @« € AT} and can
be continued to a meromorphic function. We refer
the Jacquet integral class one Whittaker function.
Following the idea of Harish-Chandra, Hashizume
expressed the Jacquet integral as a linear combi-
nation of the fundamental Whittaker functions.
This factorization formula plays important role
to obtain an integral representation of class one
Whittaker function.

In this paper we discuss the case of classical
group G = SLn—H(R)? SOn+1,n(R)7 Spn(R) and
SOpn(R). Here SOut1,(R) (resp. SO, ,(R))
is the special orthogonal group with respect to
Jant1 (resp. Jo,), and Sp,(R) is the symplec-

tic group with respect to n with J, =

—J,
1

(n x n matrix). To describe our ex-
1

plicit formulas for Whittaker functions we fix some
notation for coordinates on A and parameters for
principal series. In our realization of G, a € A is

of the form

diag(ay, ..., ant1)
if G = SLyi1(R);
) diag(a, ..., an, La ', ..,a7h)
‘= it G = SO, 410 (R);
diag(ay,...,an,a;?t, ... ,al_l)
if G = Spp(R), SO, »(R),

with a; > 0. We introduce new coordinates y =

(Y1, yn) on Aby yi =a;/a;p1 (1<i<n-—1)
and
an/apy1 I G=SL,1(R);
_)a, if G = SOn410(R);
A P if @ = Spn(R);
10y, it G=50,,R).

The parameter v of principal series of G is identi-

fied with the complex numbers (v1,...,1,,) by
n+1 2v .
: i i G=SLy(R);
exp(v)(a) = { =t @71 &= STni ()
[[iL,a;”"  otherwise.

Note that S0 v; = 0 for G = SL,, 41 (R).

i
2. FUNDAMENTAL WHITTAKER FUNCTIONS

In this section we give explicit formulas for fun-
damental Whittaker functions. We first review
Hashizume’s result. Let (, ) be the inner product
on af induced by the Killing form B(, ). We de-
note by L the set of linear functions on ac of the
form )y naa with ng € Z>g.

For each \ € L, we can define the rational func-
tion ¢x(v) on af as follows. Put co(r) = 1 and
determine ¢y (v) for A € L\{0} by

(<>" )‘> + 2<)‘a V>)c)\(u)
=2 Zaen |7]a‘26/\*2a(y)7
inductively. Here we assumed (A, A) + 2(\,v) # 0

for all A € L\{0}.
We define a series M, ,(a) on A by

M, ,(a) =a” " Z ex(v)a®  a € A,
A€L

and (a’T” = exp(v + p)(a)) extend it to the func-
tion on G by

M, (9) = n(n(g)) M, (a(g)).

We call the power series M, , the fundamental
Whittaker function on G. Hashizume proved the
following.

(2.1)

Proposition 1. ([1, Theorem 5.4]) If v € af is
regular, then the set

{Msn(g) | s € W}

forms a basis of Wh(v,n). Here an element v € ag
1s called regular if the following two conditions are
satisfied.



o (M) + 2(\ sv) £ 0 for all X € L\{0} and
seEW,

o su—tv & {Y cnma | Mo € Z} for all
s#EteW.

Therefore to find explicit formulas of Whittaker
functions, we need to solve the recurrence relation
(2.1). If we suitably fix the parameters 7, and use
coordinates y = (y1,...,yn) on A, then the radial
parts of fundamental Whittaker functions can be
written as of the form:

M (y) =yt > CoWw)
m=(m1,...,my)EN"
X (my1) 2™ - (g )2

Here the coefficients CS,(v) are characterized by
the initial condition C’(GO 0)(¥) = 1 and the re-

.

currence relation:

QG + €G CG

Z

where we denote by e; the i-th standard basis in
R™ and Qm(v) and £ are given as follows:

Qi(v) =

en (V)

=2 11 m; +e%my,
- Zz 1 MaMip1 + Zn 1(
—Mp—1Mpy + (U — Vpg1)m
if G =SL,1(R);
— My — 1My, + VM,
it G =850,41,R);
—2Mpy— 1My, + 20 my,
if G = Sp,(R);
—Mp—oMy + (Vn—1 + vp)my,
it G=250,,R),

Vi+1)m

and

1 if G = SLyy1(R), SO,
if G = S0,411(R);
2 if G = Sp,(R).

n(R);

We solve the recurrence relations above and
find recursive formulas with respect to the real
rank of G. For G = SL,11(R), SOpt1(R),
Spn(R) and SO, ,(R), we write G' = SL,(R),

SOpn—1(R), Spr—1(R) and SO, —1 n—1(R), respec-
tively. For the class one principal series I(v) of

G, we associate principal series I(7) of G’ with

U= (01,...,Un_1) as follows.
b= Vit1 + Vl/n if G = SL,H_l(R),
! Vi otherwise.

Then we obtained the following.
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Theorem 2. ([4], [2], [3]) The coefficients CS (v)

can be written in terms of CZ_ (k. knfl)(ﬂ) :

o' ()
Crcl?l(y) = Z PI{)T7
k<m m,k
where
SLyt1(R)
Pm,k o
= H?:l(m - kl)'(yl — VUnt1 + ]‘>mi*k3i—1?
SOn+41,n(R)
Pm,k i

H:l 11 (mi — k) (Vi + vig1 + Dimgy—hiy
HZL 11 Vi + Vigr + Dimgtmosr ko1 —ks
x [Tic ( Vi —Vn + L),k
- (Vz +Vn + Dimy—kiy
X (M — k)20 + Dony k1

PSpn (R)

m,k
_ [[= 12(m1 — ki) (Vi + Vig1 + Dimgy—ki s
- H:L 12(V1 F Vig1 + Dby —ki s —ks
X H ( Vi = Vn + Dmy—kyy
x [T, (1/1 FUn+ Doy —kes,
(mp—1 — 2kp—1)(my, — kp—1)!
(Vn—1+Vn + Dmp 1 +2mn—2kn 1 —kn_»
X (Un—1 4+ Vn 4+ D)omp—knoWn + Dmp—kn_rs

and
PSOn'n (R)

m,k
- HZL 13(mz — k) (vi +vig1 + 1)m1+1 ki1
- HZL 13(Vz + Vig1 + 1)mi+mi+1*ki—1*ki
X H ( Vi —Vn + 1)im,—ki_y
x [Ticy (Vz +vn + Dmi—ki
kn—o — kn_1)!

(Un—2+Vn-1+ Dy 4mpy—kn_s
(Vn—2+vn-1+1) o

X (mn—Q -

n—1 k.
i

n—2MMi™ j—n_3

X (mn 1~ kn— 1)‘(1/71 1—VUp+ 1)mn 1—kn—2
X (M, = kn— 1) (Vn—1+Vn + Dmpy ks
with (a), = T'(a +n)/T(a), and k runs through

such that PS . do not vanish (finite sum,).

3. CLASS ONE WHITTAKER FUNCTIONS

In this section we give integral representations
for class one Whittaker functions. Jacquet in-
tegral of course is an integral representation for
class one Whittaker function, however, it is not
satisfactory form for application such as compu-
tation of archimedean L-factors of automorphic
L-functions. After long calculation Stade [8] eval-
uated Jacquet integral on SL,(R) to reach an



effective recursive formula between SL,(R) and
SLy—2(R). Further he computed L-factors of L-
functions on GL, x GL, and GL, xGL, _1. Based
on Stade’s result, he and the author [4] found a re-
cursive formula between SL,(R) and SL,—1(R).
In [2], [3], we obtain similar formulas for other
classical groups, and our approach here does not
based on Jacquet integrals. We use a linear re-
lation between fundamental Whittaker functions
and class one Whittaker functions given in [1]. If
we set

W¢ = Z ¢ . M,,,
seWwW
then, up to constant (depending on v), W& is
class one Whittaker function on G. Here
SL,(R) _ .
Iy ®) = H1§i<j§n+1 I(=vi +v5);
I‘SOn+1,n(R) — FSPn(R)
=licicjen D(=vi+ ;) (—v; —
X ngign [(—2v;);
170 ®) = T i D=1+ 1))T (=1 — ).
As in Theorem 2 we give recursive relations be-
tween class one Whittaker functions on G and G'.

vj)

Theorem 3. ([4], [2], [3]) If we denote by W€ (y)

= y?W%(y). Then we have following recursive
relations:
o)
L Flenfoa- ) g,
®4)" i Ui
T a(miioi), a1\ 7T QUi
([Tt [ 22
i=1 i=1

Wgomms ()

S A | N CONEE )

n—1
- - dul
X KQV,,/ (27Tyn vV 1 + Un—l)Wlizsomnil(R) (y) H Wi 5
i=1
Wy (y)
n—1
— / e (27Tyi\/(1 +uim1)(1+ 5))
RE)m=1 5 '
g n—1 du
x Ky, (2myn(1+ une1)) WS @) T -
i=1
W50 )
n—2

_ ) ) 1
- /(R+)"1 ,1;[1 Kav, (wa‘\/(l +ui-1)(1+ g ))

Ko (2 (1 )1 ) (221 42)

Un—1
« W;’Onfl,nfl(R) (g)

vy n—1
ynflyn(l + unfl) " duz
X
( ) IS

2 2
ynfl +u’n71yn i=1

where § = (§1, -+, Yn—1) With §i = Yir1\/wi/wit1
(1<i<n-—2)and
Yn v/ unfl/un
Yn+/Un—1

if G = Lo (R);
if G = S0n+1,n(R)§
YnUn—1 if G = Spp(R);
Yny/Un—2un—1 if G = SO0, ,(R).

Finally we announce our recent result on a com-
putation of archimedean L-factors.

Theorem 4. ([5]) We have
| WP,
(RX)n ’ 2
Wokn® - is dYi
X Wy unen) [ i
=1

[T IT)= ) Tr(s + vi + pj)Tr(s — vi + 1)
[licicjcn TR(2S + pi + 415)

gn—l =

7yn)

)

and
750,110 (R
/ W(Vl ..ﬂ)n)( )(yl, ceesUn)
(]Rx)n (AR}
T57SLns1(R) n - dy;
L ) [
i=1

17y TT557 Tr(s + v + 1) Tr(28 — vi + p1))
[icicjcnss TR(28 + pi + py)
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