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PROPAGATION FORMULA FOR PRINCIPAL SERIES
WHITTAKER FUNCTIONS ON GL(3,C)

MIKI HIRANO*!

ABSTRACT: In this paper, we give an expression of principal series Whittaker functions
on GL(3,C) in terms of those on GL(2, C). This is an analogous formula to the one in the
real class one case disscussed by Ishii and Stade [5].
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1. Introduction

Automorphic forms and representations are im-
portant objects in number theory and their investi-
gations are mainly based on the properties of asso-
ciated special functions. In particular, the precise
analytic properties of Whittaker functions (see §2
for the definition) are required in the study of the
Fourier expansions of automorphic forms and their
related topics such as L-functions (c¢f. [2] and its
references).

A propagation formula for class one Whittaker
functions on GL(n,R) was given in the recent pa-
per of Ishii-Stade [5]. This is a formula express-
ing Whittaker functions on GL(n,R) in terms of
those on GL(n — 1,R) and the proof is based on
their explicit formulas. In the class one case, there
is an elementary relation between real and complex
Whittaker functions on GL(n) [9], and thus we have
a propagation formula for those on GL(n,C). We
expect that there is a similar propagation formula
in the non-class one cases. However in such cases,
the relation between real and complex Whittaker
functions is not known and also their explicit for-
mulas are not obtained yet except some cases of low
degrees (cf. [6], [7], [4])-

In this paper, we give a propagation formula for
principal series Whittaker functions on GL(3,C)
based on their explicit formulas obtained in our re-
cent paper [4]. Our result seems not only to show
the similarity between the real and the complex
cases but also to give a hint on a basis of gl,,-module
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which is suitable for an explicit description of the
Whittaker functions on GL(n,C) (cf. [1], [3]).

2. Definition of Whittaker functions

In this section, we recall the definition of Whit-
taker function which is our main object in this pa-
per.

Let G = NAK be an Iwasawa decomposition of
a real reductive group G. For an (irreducible) ad-
missible representation (7, H;) of G, we choose a
K-type (7%, V;+) in 7 which occurs with multiplic-
ity one and fix an injective K-homomorphism i €
Hom g (7%, 7| k). Here (7%, V;+) means the contra-
gradient representation of (7, V;). Moreover, take a
non-degenerate character n of N. Let us consider
the intertwining space

Zn,rr = Hom (gc,K) (7T7 Ooolnd% (77))

between (gc, K)-modules 7 and C*®°Ind$(n) con-
sisting of all K-finite vectors, where C°°Ind$ (1)
is the induced representation of G from n as C'*°-
induction. For each T € 7, -, we define a V,-valued
function T; on G by

T(i(v"))(g) = (v*,Ti(g)), v* € Vs, g€G.

Here (-, -) is the canonical bilinear form on V« x V.
The function T; means a restriction of 7' € 7, » to
K and satisfies

Ti(ngk) = n(n)r(k)"'Ti(9), (n,g,k) € NxGxK.
Then we put

Wh(ﬂ,n,T)mOd
= U{TZ | T € T, ~, T; is moderate growth}.



Here, the union runs through all embeddings i €
Hom g (7%, 7| k) and the term "moderate growth”
is by means of [10]. According to the multiplicity
one theorem of Shalika [8], the dimension of the

mod

space Wh(m,n, T) is at most one. A unique (up

mod

to constant) element in Wh(m,n, 1) is called a

(primary) Whittaker function.

3. Whittaker functions on GL(3,C)

In this section, we recall an explicit formula of
principal series Whittaker functions on GL(3,C)
obtained in our previous paper [4].

3.1 Groups and representations

Let G = GL(3,C) be the complex general linear
group of degree 3, which is viewed as a real reductive
group, with the center

Zg = {ruls|r € Rsg,u € U(1)} ~ C*.

Here 1,, is the unit matrix of degree n. Let K =
U(3) be a maximal compact subgroup of G, and
define subgroups A and N of G by

A = {diag (a1,a2,a3) € Gla; € Rxg,i=1,2,3},

1 Tr1 X9
N = TL(CC): 0 1 =x23)€@G CII:(JJi)ECB
0 0 1

Then we have an Iwasawa decomposition G = NAK.

The centralizer M of A in K is given by
M = {diag(ul,u%u;gﬂui S U(l), 1= 1,273}
~ U(1)3.
Then P = NAM is the upper triangular subgroup
of G, which is a minimal parabolic subgroup of G.
The equivalence classes of irreducible continuous

representations of K are parameterized by the set
of highest weights

A={p=(n1,p2, 1) [ 1 € Z° iy > iz > pis}.
We denote by (7, V) the representation of K as-
sociated with p € A and take the (normalized) GZ-
basis { f(M)} rrea () of the representation space V),
which is parameterized by the set G(u) of G-patterns
M belonging to u. Here a G-pattern M € G(u) is

H1 K2 K3

consisting of 6 integers satisfying the inequalities

a triangle

1> a1 > g > ag > s, o > 2> as.
Let us take a character oy, of M defined by

on(diag(u1, ug, us)) = ujtus?us®,

with the parameter n = (ny,n2,n3) € Z3. More-
over, if we denote the complexification of the Lie
algebra of A by ac and the diagonal matrix unit
with (4,4)-entry 1 and the remaining entries 0 by
Ej; € ac, let us take an element v in the dual af of
ac identified with (v1,10,v3) € C3 via v; = v(E;;)
for 1 <4 < 3. Then the induced representation

T =m(v,0n) =IdS(1x ® " @ o)

of G from the parabolic subgroup P = NAM is
called the principal series representation of G. Here
p is the half-sum of the positive restricted roots, i.e.,

2
e’ (diag (a1, az,as)) = <a1> , diag (a1, as,a3) € A.
as
The central character of 7 is given by
Za > rulz — r’u”, r € Rsg, u € U(1),

with 7 = v1 + 15 + v3 and n = ny + no + ng,
and the minimal K-type of 7 is the representation
(Tm, Vm) of K associated with the dominant per-
mutation m € A of n.

We take a non-degenerate character n of N de-
fined by

n(n(x)) = exp (2rv—1Im (z1 + 23)) .
3.2 Explicit formula

Let m# = m(v,0n) be an irreducible principal series
representation with the minimal K-type (7%, V;+) =
(Tm, Vin) associated with the dominant permutation
m = (mq,ma,m3) € A of n, and let 7 be the non-
degenerate unitary character of N defined in the
previous subsection.

For an element f(M) in the GZ-basis {f(M)} of
Vi and a Whittaker function ¢ € Wh(w,n, 7)m°d
which is an V;-valued function on G, we define the
M-component ¢p(M) of ¢ by

d(M;g) = (p(9), f(M)), g€G.

Whittaker functions are determined by its A-radial
parts (i.e. its restriction to A) because of the Twa-
sawa decomposition of G. Moreover, the values of
Whittaker functions on the center Z¢g of G are given
by the central character of , i.e.,

d(rug) = r"u"¢(g),
where r € Ry, u € U(1), and g € G. Therefore,
we can describe Whittaker functions as functions of

two variables with the coordinates

ay a2
Yi=— Y2=—
as as

for diag (a1, az,a3) = a3 - diag (y1y2,y2,1) € A.



To state an explicit formula for the primary Whit-
taker function on GG, we introduce some notations.
If we write m = (nq, np, ne), then we put

v v 1
(>\17)\27)\3) = <Vc - g,Va - E,Vb - 3) .

m1 m2 m3

For each G-pattern M = ( @102 ‘ ) € G(m), we
put (M) = a1 + ag — mo — 3 and

C1 (M) =\ *m3+67

GH (M) = o +my - B,

GY(M) = X3 + a1 —az — [§(M)],

¢ (M) = =M1 +my — B — 8(M),

P (M) = =Xy —mg3 + B+ (M),
C:gQ)(M) =—A3+my —m3— a1 + .

Theorem 1. Let W3(y) € Wh(m,n,7)™°% be the
(A-radial part of ) primary Whittaker function with
the M-components Ws(M;y) = y2y3Ws(M;y) for

mi mo m3

each G-pattern M = ( o123 ) € G(m). Then

the function Ws(M;y) has the following integral ex-

pressions:

W3 (M;y)
1
27‘(\/7

//Vs (M;s1,82)(myr) " (my2) ~*2ds1dsy

—A3+myi—mg Agtmg —m3

= 2%myp) 2 (Ty2) 2

o / 1
x/ Ka <2ﬂ'y1 1+v> Kp (27ry2\/1+v)
0

pv

v (1 +v)

Here, in the first integral expression of Mellin-Barnes
type, the paths s; of integrations are the vertical

V—1oo to Res; + +/—1loo with

enough large real part and the integrand Vs (M; s1, s2)
1s defined by

lines from Res; —

V3 (M;s1,82)

2 5 (s + (o)
e (5 )

i=1j=1

<T ( + 52+ G5 (M) +<§3’<M>>1.

2

Also, in the second integral expression of Euler type,
K, is the K -Bessel function and the parameters A,

B, C, and D are given by
1 1
4 Gran - ¢

2 Y
B=A+0(M),
oo 26700 - V) — V)
4 K
b D)
2

4. Whittaker functions on GL(2,C)

In this section, we derive an explicit formula of
principal series Whittaker functions on GL(2, C) by
similar computation to the case of GL(3,C).

4.1 Groups and representations

Let G’ = GL(2,C) be the complex general linear
group of degree 2 and G’ = N'A’K’ be its Iwasawa
decomposition, where K’ = U(2) is a maximal com-
pact subgroup of G’ and

A’z{(%l f) aieR>0,z’:1,2},
2
N = — (L

=<n(z) = 0 1 zeCy.

The center Zgr of G is {ruls|r € Rsg,u € U(1)} ~
C*. The upper triangular subgroup of G’ is P’ =
N'A’M’, where M’ is the centralizer of A’ in K’
given by

r_ up 0
vt (6 )

Let g’ = gl(2, C) be the Lie algebra of G'. If we
put a Cartan involution (X ) = —*X for X € g’ and

w; € U(1),i= 1,2} ~ U(1)%

denote the +1 and the —1 eigenspaces of € in g’ by
¢ and p’, respectively. Then ¥ is the Lie algebra of
K’ and g’ has a Cartan decomposition g’ = ¢ @ p’.
For 1 <4,j < 2, let Ej; (resp. Ej;) in g’ be the
matrix unit with its (¢, j)-entry 1 (resp. J) and the
remaining entries 0. Here J is the imaginary unit;
J? = —1. Moreover put His = E; — Eg, Hjy =
B, — By, Iy = Eyy + Esy, and I}, = E|, + Ely.
Then we have ¥ = Zy @© ¥, and p’ = Z,» © p;, with

Zv = RI,

t, = RH{,®R(Ew2— E2) @ R(E}, + E})),
Zy = RIy,

po = RHi2 ®R(E12 + Ea1) @ R(E1, — Eby).

In the complexifications € and pg., we use the sym-
bols I¥ = —\/—1I3, HY, = \/—1H],, and

o1 /1
Efj = 5 {(Eij - Eji) —v—1 (Ellj + E;z)} ’



in £ and Igl = I, Hfé = Hj2, and
’ 1
EZ = B {(Eij + Eji) —v-1 (Ezlj B E;z)} ’

in pg.

We can parameterize the equivalence classes of
irreducible continuous representations of K’ = U(2)
by the set

N ={p = (1) |1 € 22, 1y > ),
from the highest weight theory. The representation
space V), of the representation 7,/ associated with

W= (py, ph) € A has the (normalized) GZ-basis
{f'(M")}arecqy as in the case of U(3). Here

G(u')Z{M’= ( e )‘0/62, u’lza'ZM’z}-

The explicit action of £ on the GZ-basis is given as

follows.
ESF(M) = wif' (M), =12,
a;mm = (=) (M'(1)),
ES (M) = (o — ph)f (M'(-1)).

Here (wf,w)) = (&, 1) + ph — o) is the weight
of the vector f'(M’) associated with a G-pattern
M= () and M) = (50
we promise the corresponding vector f/(M’) is zero

) . Moreover,

if M'(i) appearing in the above formulas violates
the conditions of G-patterns.
A principal series representation

= 7T/(V/,0'n/) = Indg:(lN/ & €V/+pl ® O'n/>,

of G’ with data v/ = (v}, 4) € C? and n’ = (nf, n})

€ Z2 induced from the minimal parabolic sub-
group P’ = N'A’M’ is defined similarly to that
of GL(3,C). In this case, the half-sum p’ of the
positive restricted roots is given by

e (diag (a1, az)) = ﬂ, diag (a1,a2) € A'.
as
As in the case of GL(3, C), the central character of
7’ is

Zer druly =" u™, 1 €Rso, u € U(1),

with 7/ = v] + v and 7/ = n + n), and the min-
imal K’-type of 7’ is the representation (7m/, Vin’)
associated with the dominant permutation m’ € A’
of n'.

Finally, we take a non-degenerate character 1’ of
N’ defined by

n'(n(x)) = exp (27T\/—_11m (x)) .

4.2 Differential equations

Let 7 = 7'(V/,0n/) be an irreducible principal se-
ries representation of G’ with the minimal K'-type
(Tm’s V') associated with the dominant permuta-
tion m’ = (mf,m}) € A’ of n’, and let 7' be a
non-degenerate unitary character of N’ defined in
the previous subsection.

It is well known that an element C in the center
Z(g) of the universal enveloping algebra U(gg) of
g acts as a scalar on the K’-finite vectors in 7’.
Thus, each M’-component ¢(M’) of a Whittaker
function ¢ € Wh(n’, 0/, 7/)™°¢ which is defined sim-
ilarly to the case of GL(3, C) satisfies a differential
equation

(1) CH(M') = xcp(M')

with an eigenvalue y¢. The next lemma gives gen-
erators of Z(gg) constructed from the Capelli ele-
ments in U(g') via the identification of U(g¢) and
U(g') ®c U(g'), and the eigenvalue x¢ of C. These
are obtained by the same way as in [4].

Lemma 2. 1. The following four elements Cp,(f)

in U(gg) give an independent generators of

Z(ac)-

- (1 o)

Cp(z) % (IS, - 15’) ,

opyt) = %{ (E)fl + B -1 (ESQ + Efy + 1)

)
(Efz + E12) ( 21 T EZl)}
opy) = %{( —Bh - 1) (B - S +1)

(et ) (st 25)).

2. The eigenvalues Xept of the generators C’pg)
k

are given as follows.
1
Xy = {0 )+ 0+ )},
1
Xep = 5104 —m) + (5 +my)
1
Xepg = 4 W1+ m) (v +13),
Koy = 04— M) — 7).
By virtue of the Iwasawa decomposition G’ =
N'A'K’ of G’ and the central character of «/, we

can describe Whittaker functions as functions of a
variable

y= E, for diag (a1, az) = as - diag (y,1) € A'.
a2



We denote the Euler operator with respect to y by
0

0=y—.

To obtain the explicit description of the differen-

tial equation (1), we need the following fundamental

lemma.

Lemma 3. Let ¢ = ¢(x) € Wh(r/, 7/, 7/)med.
1. The actions of elements Hfé, and Ig/ in ag on
¢ are

Hbyp =200, I8 ¢ =i/ o.
Thus, for Efi/ we have

gtio=(0+75 ) o Bho(-0+7 )

2. The actions of elements Efé + EY, and Egi -
E;; in ne on ¢ are the following multiplica-
tions.

(B8 - BS)) 0= —2myo, (BY+ E) 6 = 2my0.

Computing the actions of the generators C’p,(j) by
Lemma 3, we can write the differential equations (1)
explicitly as in the next proposition.

Proposition 4. Let ¢(M’) be the M'-component
of a Whittaker function ¢ € Wh(x',n', 7)™ and
put ¢(M';y) = y(;B(M’;y). Then the differential
equations (1) for the Capelli elements C = Cpéi)
with i = 1,2 are given as follows: Let (w},w)) =
(o/,m) + mb — ') be the weight of a G-pattern
S

@

1. ForC = C’p ,

~1 ~/
Ka+ % +w’1> (—8+ % +w’2)

@Mﬁfﬁ@+mmémﬂ&Mm>

we have

4y (o —mb) ¢ (M'(—1);) = 0.
2. ForC = Cpgm, we have

(o5 -u) (o g -ut)
CrVD* P = 04— i) - )| 30'50)
—dmy (m} — ') ¢ (M'(1);9) = 0.

In particular, the equation for C = CpéQ) at the
G-pattern L' = ( mjnzn/z ) associated with the high-
est weight vector f/(L') in Vi gives the following
differential equation for ¢(L').

o+ g -m) (org )

— (2rV=1) g — (0 — ) (v — ) | B(L'sy)
=0.

If we put
~/ ~/
N=vy,——=, Ny=v,——
1 b 2 2 a 2
for m’ = (mf,mb) = (nj,,n}), then we have the

relations A} + A5, = 0 and
(v1 £ n7) (vy £ n))

~/ ~/
- (A’2+%im’l) (A’1+%im’2),

and thus we can write the above equation for ¢(L’)
as

(0% — (m —mp)(0 + )
2 ~
AN, + (27v=1) 92| 6(Esy) = 0.
4.3 Explicit formula
The M’-components of the primary Whittaker func-
tion are given as a moderate growth solution of the

differential equations in Proposition 4. The explicit

formula for them is given in the next theorem.

Theorem 5. Let Wa(z) € Wh(r/, 7/, 7/)™°4 be the
(A -radial part of ) primary Whittaker function with
the M'-components Wa(M'5y) = yWo(M';y) for
each G-pattern M' = ( m/}jné ) € G(m'). Then
the function Wa(M';y) has the following integral
expression:

Wo(M'5y) = Vo(M'; s)(my)~*ds

271'\/_ /
= A(my) Kp(2my).
Here, the path of integration is the vertical line from
Res — v/—1oo to Res + +/—1oo with enough large
real part and the integrand Vo(M'; s) is defined by
s+ ANy +mf — a’)
2

T <5+Xl+o/m’2>
2 )

and the pammeters A and B are given by
D Vi
2 ’ 2 ’

Vo(M'ss) = F(

A_

5. Propagation formula

In this section, we give an expression of Whittaker
functions on GL(3, C) in terms of those on GL(2, C),
which is an analogue of the formula obtained by
Ishii-Stade [5].

5.1 Preliminaries



Here we recall some formulas which are fundamental
in this section.

The modified Bessel function K, (z) of the sec-
ond kind has several integral expressions. Among
them, we need two expressions: One is the integral
expression of Mellin-Barnes type

1 1

4 2ry—1
() (50 ()

Here, the path of integration is the vertical line from
Res — v/—1o0 to Res + v/—1oco with enough large
real part. Another is that of Euler type

oo _ -1
Kl,(z):l x/ exp (Z(t”Lt)) tV@7
2" ), 2 ¢

which is valid only for Rez > 0.

K,(z) =

Also we need the following integral formula so-
called Barnes’ lemma
I'(a+c)T(a+ )b+ c)L'(b+d)
T(a+0b+c+d)

1
21/ —1
X /F(z +a)l(z4+b)I(—2z+ )T (-2 + d)d=.

Here the path of integration is the vertical line from
Rez — /=100 to Rez + v/—1oo with enough large
real part.

5.2 Main theorem

Let # = m(v,0n) be an irreducible principal se-
ries representation of G = GL(3, C) with data v =
(v1,v2,13) € C3and n = (ny,ng,n3) € Z3 and let n
be a non-degenerate unitary character of N defined
in §2. For simplicity, we assume that the parameter
n satisfies the regularity condition

niy > ng > ns.

Then 7 has the minimal K-type (Tm, Vim) = (Ta, Va)-

Let W3(y) € Wh(m,n,7)™°? be the (primary)
Whittaker function, and for each G-pattern M =

< mlarl;i?a ) € G(m) denote its M-component by
Ws(M;y) = y3y3Ws(M;y). Under the regularity

condition on n, we have the parameters

1% v 1%
(A1, A2, A3) = (V3 —pT g g) ,

which appear in the integrand V3(M; sy, s2) of the
integral expression for Wg(M ;y) of Mellin-Barnes
type in Theorem 1.

Theorem 6. The integrand V3(M; sy, s2) has the
following expression.

Va3(M; sy, s2)

(2 GODN (52 G700
B 2 2

1
Vo (M —
sz/fl/z 2(M=2)

XF(Z+S;+H1)F(Z+S;+M2)CZZ,

where Va(M'; s) is the integrand of the integral ex-
pression of WQ(M';y) in Theorem &5 for a triple
(7' (V' on )y, T ) and a G-pattern M’ € G(m').

The parameters and the representations are given

as follows.
1. If (M) > 0, we have j =2 and
A A
M1=—72+ﬁ—a2» M2=72+m1—041,

V= (va,v3), n=m' = (m2,m3),

M= ().
2. If (M) <0, we have j =1 and

A A
M1=—71+041—ﬁ» M2=71+a2—m3,

V= (v1,12), n=m' = (m1,ma),
M/ — ( m(ll';ng )

Proof. Assume §(M) > 0. Then, since ({1)(]\/[) +
§£2)(M) = gél) (M) + C§2)(M), Barnes’ lemma leads
the equation

V3(M;s1,82)

B F<&+é”wn>r<@+é”wn>
2 2
v fr () (5

><F<Z+S;+H1>F<Z+S;+M2)dz,

where the parameters p; and ps are given in the
assertion of theorem and pg and py are

—vyt+ 3 Vo — V3
M3 = TWLOZz*ms, e = 5 —ag+ma.
. 2 —Vy + 1%
Here we use the relations A\; + 5= and

)\2 Vo — V3

)\ — =
373 2

In the case of 6(M) < 0, the relation C;l)(M) +

§2(2)(M) = gél)(M) + C§2)(M) brings the assertion

by similar computation. O




Corollary 7. We have the following expression of
W3(M;y).

WaOig) = s ()5 Kn g 2
X (my2) 2T T K aq 5 (27y2)
xVao(M'; —2)dz.

Here

= 0D vi}, A= P00 -

for k = 1,2, and the parameters and the represen-
tations are given in Theorem 6.

Proof. Using the first integral expression of K, (z) of
Mellin-Barnes type in §4.1, we can get the corollary
from Theorem 6 together with the integral expres-
sion of Mellin-Barnes type for W3 (M;y) in Theorem
1. O

Corollary 8. We have the following expression of
W5 (M;y).

W3(M' Y)
qortaz al +A1, az—Asz

Yo
2 1 2 1
Xexp | —m\|yjur + — +ysus + —
Ul u9
< [us \ duy d
XWQ <M Y2 ) th a2
Ui

Here the parameters and the representations are given

uy ug

in Theorem 6.

Proof. By applying the second integral expression
of K, (z) of Euler type in §4.1 to the expression of
Ws(M;y) in Corollary 7, we have

W3(M;y)

ik
X exp ( T (ul + m)) uih
O

u 2
x (my1)* (my2)*? <W2y1y2—u2) Vo (M’
1

W duz

Uy U2

_A2
Ug

z

—z)

Then we can get the assertion by the substitutions
Ul — ULY1, Uz — UsYys, and z — —z in the above
integrals. O
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