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A REMARK ON ARCHIMEDEAN ZETA INTEGRALS ON
GL(n) x GL(m)

Taku ISHIT*

Abstract: We explicitly compute the archimedean zeta integrals for
GL(n) x GL(m) with m = n,n—1,n— 2 via explicit formula of local

Whittaker functions on GL(n).
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INTRODUCTION

In his paper in 1937, Hecke proved fundamen-
tal facts (analytic continuation, functional equa-
tion and converse theorem) on a Dirichlet series
attached to an elliptic cusp form by using integral
representation. He also expressed the Dirichlet se-
ries as Euler product (=standard L-functions on
GL(2)).

Soon after Rankin and Selberg independently
obtained an integral representation for the stan-
dard L-functions on GL(2) x GL(2). After that
various kinds of integral representations for au-
tomorphic L-functions have been found by many
people up to now, and the way of studying auto-
morphic L-functions via integral representations
are called Rankin-Selberg method (cf. [3]).

The first step of Rankin-Selberg method is to
find an appropriate global zeta integral and show a
‘basic identity,” that is, to express the (global) zeta
integral in terms of certain integral transformation
of global spherical functions, such as Whittaker
functions.

When the global spherical function is decom-
posed into the product of local spherical functions,
the global zeta integral also can be written as a
product of local zeta integrals. Then our inves-
tigation is reduced to the study of the local zeta
integrals.

The next step is the local analysis at the un-
ramified places. In many cases, the local spherical
functions at the unramified places are explicitly
given (e.g. Kato, Casselman-Shalika formulas for
Whittaker functions). By using them, the coin-
cidence of the local zeta integrals and the local
L-factors can be shown.

To obtain global results, we need to study the
local integrals at bad places. However, to con-
trol the local zeta integrals at the ramified places
and the archimedean places are very difficult prob-
lem. Then even the functional equations of auto-
morphic L-functions have established in very few
cases.
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Our aim here is to study archimedean zeta inte-
grals by means of the explicit formulas of spherical
functions. From that motivation many spherical
functions on the real symplectic group Sp(2,R)
have been studied these 15 years around T. Oda.

On the other hand, study of the class one Whit-
taker functions on the group GL(n,R) have been
proceeded by Bump [2], Stade (e.g. [7], [8]) and
the author [5] and so on. Stade and the author [4]
reached a recursive formula with respect to n and
it seems to be a ‘natural’ formula.

In this paper we study archimedean zeta in-
tegrals for the standard L-function on GL(n) X
GL(m) by using the explicit formula in [4]. We
will compute explicitly the archimedean zeta in-
tegrals when the archimedean components are iso-
morphic to the class one principal series represen-
tations. Stade [7], [8] proved that the archimedean
zeta integrals coincide with the archimedean L-
factors determined by Langlands parameter in the
case of n = m,m — 1. On the other hand, for
n > m — 1, these coincidences are not expected.
We calculate the local zeta integral in the case of
n = m—2 and determine the ratio of zeta integrals
and L-factors.

1. INTEGRAL REPRESENTATIONS OF
L-FUNCTIONS ON GL(n) x GL(m)

We recall general theory of integral representa-
tions of standard L-functions on GL(n) x GL(m).

1.1. Whittaker functions. Let k be a number
field and A its adele ring. Fix a nontrivial additive
character ¢ of k\A. Let N = N,, be the standard
maximal unipotent subgroup of GL,, consisting of

upper triangular unipotent matrices. We denote
by ¢ the character of N, (A) defined by

Yn(z) =Y(T12 4+ + Tn-1.n)

for x = (x;5) € N, (A).
Let m be a cuspidal automorphic representation
of GL,(A). A cusp form ¢ € 7 has a Fourier



expansion

vlg) =

>

v (7))
YENn—1(k)\GLyp—1(k)

with the global Whittaker function

We(g) = / o(zg)Yn(z) "t da.
Ny, (k)\ Ny (A)

We call the space W(m,v) = {W,, | ¢ € w} the
Whittaker model of .

Let 7, be an irreducible admissible representa-
tion of GL,,(k,). We extend a nontrivial character
1, of ky, to the character ¢y, of Ny (k,) and set

W(hy) = {W : GL,(k,) — C smooth
| W(ng) = ¥n,0(n)W(9)},

on which the group GL,(k,) acts on via right
translations. We denote by W(,, 1, ) the space of
the image of nontrivial intertwiner m, < W(1,),
and call it the Whittaker model of .

For a vector £ in m,, we call its image W €
W(my, 1) the Whittaker function attached to .

1.2. Zeta integrals. We recall the integral rep-
resentations of (degree nm) standard L-functions
on GL(n) x GL(m) (n > m). Let 7 = ®]m, and
7' = @, m be cuspidal automorphic representa-
tions of GL,(A) and GL,,(A), respectively. We
explain the case of n > m. For cusp forms ¢ € m,
¢ €n’ and s € C, we consider the zeta integral

0
I = | wa(f .0
GLy, (K)\GLy, (A) n—m
x ¢'(g)| det g|*~*/* dg,

where P means a projection to G L,1:

(P)(h) = | det h|m=n+D/2 /
Xnm (E)\Xn,m (A)

X (x <§ 1n_?n_1>) () da,

with X, », is the unipotent radical of the parabolic
subgroup of GL,, corresponding to the partition
(m+1,1,...,1) of n. We also define the zeta

integral I by
. - 0
Tsps) = | @ (5 ,°))
GLy (K)\GLm (A) n—m

x ¢'(g)| det g|*~*/? dg,

with P = 10 Pot. Here u(g) = tg~'. Then these
integrals I and I are absolutely convergent for all
s and satisfy the functional equation

1(57 2 ¢/) = I(l -5, @/7 55/)7

where p(g) = ¢(tg~!) and ¢ belongs to the con-
tragradient 7 of 7.

By using the Fourier expansion, these integrals
are unfolded to reach the basic identity

0
(o) = / Ve <g 1 )
NnL(A)\GLWl(A) n—m
x W (g) | det g|*=("=™)/2 dg.

If the cusp forms ¢ and ¢’ are decomposable
in 7 and 7', respectively, that is, ¢ = ®,£, and
¢ = ®,&), then the local uniqueness of Whittaker
model implies that the Euler product expansions
the global Whittaker functions and thus we get
the Euler product expansions of zeta integrals:

I(S,@,(p,) = H\II(S, W&nWéL)v
I(s,3,% H\Ilspwnm)Wg WE’)
where W,(g9) = W(wa'g™!) € W(F,, ¢, ') and
W/(g9) = W(wn'tg™') € W(T,,,) with w, =
1

Here p(wy,m) is the right trans-
1

lation by w, m = (1" w > Here the local

zeta integrals are

[ )
Nn(kv)\GLn(kv) 1

x W'(g) |det g |* 7" dg
and
(s, W,W') = / /
N”(kv)\GLn(kv) Mnf'mflﬂn(k'u)
g
xWlz 1ln_m-o W'(g)

1
x | det g|*~ 3" dz dg.

We want to show the local functional equation

V(1 — 5, plwn,m)Wa, W)
L(1—

= Eu(&%,mﬂrlu) ’

(1.1) 870, )
(S VVTM W )
L(s,my,m)

for appropriate L and e factors. Then we arrive

at the global functional equation
L(s,m,7') =e(s,m, 7' )L(1 — s,7,7"),
where

S7T7T

HLSﬂ'v, T,
HEMU, )

We note that the case of n = m, the global zeta
integral contains an Eisenstein series on G L.

S7T7T



Including the case of n = m, Jacquet and Sha-
lika proved the local functional equation (1.1) by
induction arguments and non-vanishing of (1.1).
Further they showed that L(s, m,, 7)) can be writ-
ten as a finite sum of ¥(s, W,,W/) in case of
m = n,n — 1. It has not been expected such phe-
nomenon for m < n — 2. Then to understand the
ratio W (s, W,,, W)/ L(s, m,, 7, ) more precisely, we
compute it in the case of m = n — 2.

2. WHITTAKER FUNCTIONS ON GL,(R)

In this section, we discuss explicit formulas of
Whittaker functions belonging to the class one
principal series of GL,(R).

2.1. Class one principal series representa-
tions of GL,(R). For v € C, let x, be the char-
acter of GLy(R) such that x,(x) = |z|”. For a =
(a1, ...,a,) € C™, the class one principal series 7,
is the induced representation Indgf&g) (Xa, XK
Xa,, ), where B,, is the standard Borel subgroup of
GLy,.

Hereafter we consider the case of v &2 R and
assume that 7, = 7, and 7, ¥ 7., with a =
(a1,...,an) € C" and o' = (daf,...,al,) € C™.
We note that 7, & 7_, and 7, = w_,. The
local L and e factors determined by Langlands
classification are

11

1<i<n,1<j<m

L(s,mp, 7)) = FR(s—l—ai—i—a;)

and
EU(S,%J%WL) =1

Here I'p(s) = 7%/?T(s/2).

When 7, = 7,, there exists a (unique up to
constant) spherical vector & in m,, and we call
the Whittaker function We, attached to & the
class one Whittaker function. Since the class one
Whittaker function W = W, has the property
W(ngk) = Yn.(n)W(g), for (n,g,k) € Np(R) x
GL,(R) x O(n), the Iwasawa decomposition im-
plies that the function W is determined by its re-

striction to
A, (R) = {diag(ay,...,an) | a; > 0,a, = 1}.

We call the restriction W/, () the radial part of
W. For simplicity, we may assume that the central
characters of m and 7" are trivial and this implies
that

n m
g a; =0, E a; =0,
i=1 i=1

for m, = 7, and m, = T,

We introduce a coordinate y = (y1,...,yn—1) €
Ri71 on A by y; = a;/ai+1, and denote by

n—1

—1i)/2

. P
i=1

yP

2.2. Jacquet integral. We recall Jacquet’s in-
tegral representation of the class one Whittaker
functions ([6]). The radial part J,, o (y) = y*J2 . (y)
of Jacquet integral can be written as

(2.1)
n—1
—(a1+-+a,—
5w = [Lur o [
Pl Rn(n—1)/2

n—1
x H (Ank((ng))) (@n-rta=0n-s1)/2
k=1

H dl‘ij,

1<i<j<n

n—1
X GXP(*QWV -1 Z ykxk,kﬂ)
k=1

where A, = Ay i(2) = Ay k((z5)) is the sum
of squares of k x k subdeterminants of the & x n
matrix formed by the top k rows of (z;;). To re-
late Jy, o(y) and J,,—1 4(y), we start with a lemma
which is easily shown.

Lemma 1. For1 <k <n, set

G = Aga =1+ afy + -+ 2%y

j—1
qiqj—1 T1aT1j
al; = (245 —1 Tij — Z ety .
qi—19; i 41
Then we have
Ak = D i((2ig))

q
— q_: A1 k-1 (#4141 )1<i<i<n—1)-

for2<k<n-1.

and

By means of this lemma, we substitute z;; —

i; in (2.1) and denote z}; by z;; again to arrive

z;;
at

n—1
T, =11 yi(a1+"'+a’“’“)/
k=1 R

—ap_—fg41—1 ap—aj—1

n—1 P
X H qy, 2 *Qn 2
k=2
n—1 [
X exp (—277\/—1 Z yklkl’kﬂ>
1 qk

X / H dZL’Z'j
R(n—1)(n—-2)/2

2<i<j<n

Hdwlj

n—1

=2

n—2
Op kg —9p—k—1—"1
X H (Ank—1((Tit1,5+1))) :

k=1



n—1
Vak—19k+1
X exp (2W1 > jykqu,kﬂ).
k
k=2

If we set

~ ~ . mn
a = (ar)1<k<n—1; 1

71 -
then we have > _ ar = 0, ap_p — an_p—1 =
Qn—k —Qn—k—1 and the inner integral [;,—1)(n-2),2
becomes
n—1
I (»

k=2

a1t an g
\/le(IkJrl) ! *

qdk

0 V43 V4294 vV Aan—249n
Xdp1alye—ys——, Yn—1— | .
q2 q3 qn—1

By collecting powers of y; and g, we can reach the
following recursive relation for Jacquet integrals.

Lemma 2. We have

-1 2(11, 1) 5

Gn-1)"2¢n

X exp<—27n/—1 Z yk%>

X(QQ"'

0 V43 \/(J2(J4 vV dn—2qn
x Jn—l,& ?J2— q 7---7yn—17q .
3 n—1

2.3. Mellin-Barnes integral representations.
We recall the Mellin-Barnes integral representa-
tions of Whittaker functions obtained by Stade
and the author ([4]). Set

Woa(y) = y" Wy . (y)
= < H Ir(a; —a; + 1)> Ina(Y)-
1<i<j<n
For s = (s1,..., e C" L let

Tn a( =T n, a(517-~

2n1/

be the multiple Mellin transform of W .
the Mellin inversion implies that

Sn—l)
s Sn— 1)

_. dy;
) I Gt
1<i<n—1 Yi

Then

yP
Wn a T )1
W) = Gy /
n—1
« Tn,a(5> H(ﬂ'yj)*sjdsj.
Jj=1

with the path of integration in each s; being a
vertical line in the complex plane, of sufficiently
large real part to keep the poles of T}, (s) on its
left. Note that

Tt = 1(2)r(),

Stade and the author [4] obtained the following
recursive relation between T, ,(s) and Tj,—1 o(s).

Proposition 3. [4]

1
Tn a - Y 5
() = Gy /

n—1 .
sj—zj—1 (n—j)as
F( J J )
X ]1;[1 5 +

2(n—1)

(2.2) el ja
F( i % 1 )
<]l 2 2(n— 1)
j=1
n—2
X Tn_lvb(zl, ey Zn_g) H de,
j=1
with

ai

b= (bi)i<i<n—1; 3

Here we understand zy = z,—1 = 0.

bi = ait1 +
n

The next formulas are important in our evalu-
ation of archimedean zeta integrals.

Proposition 4. (a) For a complex number v, we

have
T Sn_1tv 1
T’rz,a(s) = n( 2a,-+)u ’ / n—1
[[= T(=5-) (4mv/~1)
n—1
S — 2
o / H r ( j J>
Z1yeeyZn—1 j:1 2
(2.3)

nl s Zi +v
j—1 7 %5
X H r (72 )
Jj=1
n—1
Zn—l) H de.
j=1

Here we understand sg = 0.
(b) For a complex number v, we have

PEE)
(dmy/—T)n—1

?)

X Tn,a(zl, ey

Thna(s) = H? I —a_j+u)

></ HI‘(
Flyees®n—1 j=1

(2.4)

- Sj41 — 25 + v
X H r <7j >
=1 2
n—1
anl) H de.
j=1

Here we understand s,, = 0.

X Tn,a(zl, Ceey

To prove this lemma we use Proposition 3 and
the following lemma:

Lemma 5. (a) Barnes’ first lemma [1]

27“/_/ Lo+ 2)I(c—2)(d—2)dz



I'a+c)T'(a+ AT+ c)I'(b+d)
I'la+b+c+ad) '

(b) For complex numbers a;, bj, o, 8 with ag =
bg = 0, we have
T o
@2rvV=1)" Ju,,..

X HF a]- +wj)1“(aj,1 + « +U)J)
i=1

XHF

_ F(a1 + ﬂ) (b1 + )F(a + B)F(an + bn)
N T(an + by +a+ )

bj—1+ 0 —wj)dw - dwy

Va3
>< —_—
(2my/—1)n—1 W1y Wi —1

—

x || T(a; +w;)T(aj41 + B+ wy)

<.
[

[

n—

x [T T = w)T (b1 + o = wy)
j=1

X dwy -+ dwp_1.
Note that of (b) is a consequence of (a).

Now we rewrite the local zeta more explicitly.
If m < n, the right O(n)-invariance of the class
one Whittaker functions implies that

(S anWma)

“r [ w
X Wr?],,a’ (yla s 7y’m—1) H yjé H —
j=1 j=1 Y

Then from the Mellin inversion we have

Wi ym, 1, 1)

22—n

v L

5m+1a Sn—1

\IJ(S, Wn,aa Wm,a’) -

X Tna(s— 51,25 — S2,..., (M —1)$ — Spm—1,
ms, Sm+1,-- -, Sn—l)
m(m+1)s n—1
_m(mtl)s 7 55
X Tm,a’<517 ey S?n—l) - 2 i=m+1 7
X d81 v d8m71d8m+1 s dsnfl.

In the case of m = n, by multiplying the ‘nor-
malizing factor’ of Eisenstein series the target in-
tegral is

Tr(2ns)
VoMo o) = o e ],
,(n—1)s — s,-1)

_ n(n+1)s

d51

X Tp.a(s— 51,25 — S2,...

X Tn’a/(sl,...,sn,l) dsnfl.

3. THE CASE OF m =n,n —1

Stade proved the coincidence of the archimedean
zeta integrals and the L-factors in the case of
m=n,n— 1.

Theorem 6. [7], [8] Whenm =n—1 andm =n,

we have

\I](Sv Wn,aa Wm,a’)
L(S, Ty, 7Tv’)

_ {Iv](l - Sawn,a7wm,a/) -1
a L(]-*sa%va%v’) o

Remark 1. In his proof of Theorem 6, Stade used
the recursive relation between T), , and T),_2,
given in [7]. We can simplify it by using Proposi-
tions 3 and 4(a). Actually, the computation of
Uy (s, Wh.a, Wh.ar) and Uy (s, Wy, o, Wy_1,4/) are
reduced to the evaluation of W (s, W, o, Wn_1.0/)
and W (s, Wy_1 4, Wi—1,4/), respectively. Thus our
result comes from the case of GLs X G Lo, that is,
Barnes’ first lemma.

4. THE CASE OF m =n — 2
Our result is the following:

Theorem 7. When m =n — 2, we have

\11(57 Wn,aa Wm,a’) _ {Ivl(l - S, Wn,a, Wm,a’)
L(s Ty T’ ) L(1 — 8,70y, o)
1 Tr(w —ay)

dw
47r\/ /H”QFRS—Fw—&—a)

Remark 2. The case of (m,n) = (3,1) is dis-

cussed in [3].
4.1. The computation of U (s, W, o, Wy_2.4/).
We use Proposition 3 for 1), , with s; — js —s;
(1 < .7 < ’I’L—3), Sp—2 — (n_2)5 and Sp—1 =7 Sn—1,
we get

\I/(S, Wn,aa Wn—2,a’)

_ (n=2)(n—1)s

T 2
T fa e
(e s —a )
=1 2
X n_gF(j(S —a25) =S zj)
i=1 2
XF((n—2)s—zn_3 ay )
2 n—1
y F((n— 2)s —zn—2 (n— 2)a1)
2 2(n—1)
s

X Tpo1p(21,. .. Sn-3)

dSnfg dsnfl.

7Zn—2) Tn—?,a’(sla teey

X w5 tdzy - dzp_odsy -
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We apply Proposition 4 (a) with v = s+ a; to
perform dsy - --ds,_3. Then we have

n—2 /
s+ar+a;
\11(87 Wn,a7 Wn—2,a’) — H F(%)
j=1

_ (n— 2)(71 1)s

(47TV )71 ! ‘/571177517--<>zn2
Zn—2

% F((n - 2);* _ (;(nf)la)l)

Sn—1 — Zn—2 a1 Sp—1 — a1
r( )r( )
8 5 an—1) 2

a1

XTn_Qal(S— = Zlyeeey
’ n—1
ai
S R T
(=) — 1)~ 2y
X Tn,Lb(zl, ey ang)ﬂ'is'kl dsy_1dz1 -+ dzp_o.

Now we apply Proposition 3 for T),_; ; and inte-
grate with respect to 21, ..., 2,—3 by Proposition
4 (a) and z,_2 by Barnes’ first lemma to reach

\IJ(S, Wn,aa Wn72,a’)

n—2

B Hr(s+a1+a;
i 2

()
2
(n=2)(n—1)s

omvin ]
(4 D™2 st w1,en—s
x T

(= )r ()

T (n—2)s’ T S —Wn_3
Tl )

F( (n72)s’+82;7/_1 77in73 )

/
X Tn72,a'(s — Wi, -,

(n—3)s’ —w,_3)

X Tp—g,.c(wi, ..., wy—3)

X =t ds,_1dwy ... dw,_3,
where
s =s5— a;-i_—;z’ S =Sp—1+ a;—!_—;z
and ¢ = (¢1,...,¢p—2) with
o by o ay + as
¢ = 0j1 Ty T GGt2 9

Now we use Proposition 4 (a) for T,,_2 o with
v=s'+s)_;and s; = js'—w;, and apply Propo-
sition 3 for 7;,_2 .. Then we get

\I}(S Wn as Wn72 a’)

1:[ (5+a1+a )F(eranga;-)
2

_ (n=2)(n-1)s
2

T

éﬂ 1,W1,..ny Wn—3,
~~~~~ sPn—3,415--,dn—4

2—(11 )F(sn_a—ag )F( (n722)s )

—9 S+5,_1+a’
[ T(——)

INEE
o L

/

n—3 .y
n Wn—3 JS —Pj —wj
N—————) (=)
* 2 1;[1 2
jS —Wj—1 —|—sn 1
r( )
X H 5

% ﬁf(wj _ijl n (TL —j —2)61)

, 2 2(n —3)

j=1
TR T

2 2(n—3)
X Tn—Q,u/(pI; e >pn—3) Tn—S,d(qh QI 7qn—4)
X *mlds,_1dwy -+ - dwy—3
X dpl o dpn—?)dql to dQn—47
where d = (di, ..., d,—3) with dj, = cx11 + 7725.

By using Lemma 5 (b), we rearrange the in-
tegration with respect to wiy,...,w,—3 to arrive
at

\I/(S Wn as Wn72 a’)

1:[ (5+a1+a )F(s+a2+a;)
2

_ (n=2)(n—-1)s
2
Sn—1,W1,.--,Wn—4,

\/—1)3n—10
(47T 1) P1s--sPn—3,91,---sdn—4

Spn_1—a Sp—1—a Sp—1—as: n—2)s’
[(S2=f= ) (22mt=t2 ) (2empmteyp( (1B

X

% 2 2
n—2 s+5,_1+a’;
Hj:l F(%)
n—4 .
" F(s' - +01) 11 F((J +1)s" —pjt —wj)
2 : 2
j=1
T (35 —py—wj—f:l)
. H ( 2
7j=1
Trp(~G+w | (n=3-j)
(g )
] 2 T om—g @
7j=1
n—3 / .
Spo1— g1t w  (n—2—j)
F( n—1 )
x ]1;[1 2 2(n—3) !
X Tn72,a’ (pla cee >pn73) Tn73,d(q17 e ,qn74)
X % lds,_1dwy - - - dwy—_4
X dpy - --dpp_3dqy - - dgn—_4,

Now we use Proposition 4 (a) and (b) for the
integrations p; and g;, respectively we can find
that
\I}(sv Wn,av Wn72,a/)

n—2

3 s+a; +a
SN
IR



(n=2)(n—1)s n Sp—1—aj
><7T7 2=t / Hj:lr( )
(47T\/ 71)’”'73 Sn—1

n—2 F( S+Sn71+¢1;- )

wi,wn—a 1j=1 2
X Tyn—2a(s" —wi,...,(n—4)s" —wp_4,
(n—3)s")
X Tp3q(wi,..., Wy_a)

X % lds,_1dwy -+ - dwp—a

with s = s’ — ==,

The integration with respect to w; is nothing
but ¥(s”, Wy_2.4/, Wn_3.4). Thus Theorem 6 im-
plies that

\11(87 Wmaa Wn72,a’)

n n—2

=TI re(s+ai+a))

i=1j=1
1 H;L 1 FR(Sn—l
47TV Sno1 H

as desired.

—4)

Ir(s+ sp—1+aj)

dsnfla

4.2. The computation of \Tl(s,Wn,a,Wn,g,a/).
By the right K-invariance of Whittaker functions,
our target is the integral

(IV/(San,aaWn—Z,(L’) - / /
]RK*Q Rn—2

]
X Wn,a rz 1 Wn—2,a’ (?])
1
1:[ k(s—n+k+1) H e H dyk
k=1 P e U
with y = dlag(yl o Yn—2,Y2 0 Yn—2,- -+, yn72)7

x = (x1,...,2p—2). For y,_1 € C, we define the
integral U(s, Wy, o, W—2,4/; Yyn—1) by replacing

Y Yn—1Y
x 1 — T Yn—1
1 1
in E’(S,Wn’a,Wn,Q’a/). We consider the Mellin
transform
\I'(s,w) ::/ \Tf(s, Wia, Won=2,0; Yn—1)
0
w dyn—l
X Yn—1
Yn—1
Then

U (s, w) = 2"*2/ /
Ry SR 2

X Wn a(X(x y))Wn—2 a’(yla s ayn—3)
n—1
s—n d
% H k( +k+1) yn ) dek H yk
k=1 kel UK

Here we denote by

X(l‘?y) = X((xl? L 7x7l—2)? (y17 v ayn—1>)
Yn—1Y
= €T Yn—1
1
Lemma 8. Letz := X((x1,...,2n—2),(1,...,1)).

Then we have the Iwasawa decomposition ¥ =
n(Z)a(Z)k(Z) (n(Z) € N,(R),a(Z) € A k(T) €
O(n)) can be written as

_ TiTy
n(j)m = { zipj
p

fl<i<j<n-—1,

= ifj=mn,
a(@) = |2, 1<i<n-—1,
Pi+1
where pr = p, = 1 and p; = 1+ 22 + -+ 22,
for2<i<n-—1.
In view of
X({E,y):X((O, 70)7(y1»~'~7yn71))
Tpn—2
x X ce ,(1,...,1
<(yn 1 ynfl) ( ))

and the lemma above, the substitution

Ty = —TpYn—1 (1 <kE<n—-2)

implies that

U(s,w) = 2"71/ /
R171 Rn—2

\VP1P3
XWn,a(ylp gueay
2

Yn—1 pn—l)

n—3
X eXp{—Qﬂ'\/—l (Z TeLk+1 Yr + T2 yn_z) }

Pn—2DPn
n—2 ’
n—1

iy Pr+1 Pn—1
X Wn72,a’ (yh o .. 7yn73)
n—2 n—2 n—1 d
% H yl]z(s—n+k+1) 'y;fj_ln_z H day, H ﬂ
k=1 k=1 o1 YF
Next we replace
yk_>pk7+1 (1<k<n-2),
\/PEPk+2
Y 1= Yn—1
" \/pnfl
Then we have
\I/ (s,w) =2"" 1/ /
R" 1 Jrn-2
X Wna(?Jh--w?Jn 1
D2 Pn—2
XW_27I<y1 yeees Y 37)
e\ /pips " /Pr—3Pn—1

n—3
X eXp{—27r\/—1 (Z Thlki1 Yk +

i1 PkPk+2

Tn—2 ) }
Yn—2
Pn—2



n—2

Pk+1

X (7%
I];[l \/PkDPk+2
'
X H dl‘k H yk
k=1 Yk
In view of Wy 4 (y) = "W},

\I/(swa"I/ /
Rnl Rn—2

X W (yl7 cee
X W7(1)72,a/ <y1

) k(sfn+k+l) ( yn—l
\/Pn—1

)w+n72

(), we get

s Yn— 1
P2 y Pn—2 )
e 3T
\/p1p3’ o V/Pn—3Pn—1

n—3
yn2> }

TRpX Ty
xexp{%’\/l(Z b k+1yk+ n_2
(n— 1)(2s 3) _w

-1 PkDk+2 Pn—2
"Pn—1 2

3n5_2 1

XHy w1

iss VPR
X H dxy, H dyk
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Now we change the variables (x1,...,
T5,_3) by

xn—2) -

(@,

where pj =1 and pj, = 1+ (2], _,)*+- -+ (z),_5)?
for 2 < k <n —1. This implies

/ Pn-1 | _
;o P =
PLDPk+1 Prn—k

‘II(Saw) =21 ) Wr?,a(yla'“ayn—l)
R~

/ (y1 V/Pr1Pn_3 , pép’l)

RSl U TR A
jnes | P2 Do Ph

n—3 ZL'/ x/

X exp{—Qm/—l (Z ALy x;_Qyn_Q) }
k=1 Pp_p—1

(n—1)(2s—3) 1)(2< 3) w
2H
n—

dxk

/
X Prn—1
n—2
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In view of Lemma 2, the integration with respect
to o}, gives Whittaker functions on GL(n — 1, R):

37:. 5

n—2

/}RW2 kl:[ dx

=1

_ 1
r_
B kl;[l I'r(l4+ vy —vp—1)

n—2 n—k—1

5 Vn—1
< w5

XW —1,(V1y e Vn— 1)(yn 27'”32/1)7
with
Vk:_a;c_(s_%)‘f'n—:ll (1<k<n-—2),
nes = (0= (s - )~ 23w - 1)

Then we reach
n—2 1

U(s,w) = 2"
(S U)) kl;[l F]R(l + v — anl)

X W

(y17 o ':ynfl)

X anl,(fvl,.mfz/n 1)(y17 s 7yn—2)

K(3+2=0) T dyk
. 2 T H —Ik

i1 Uk
This is the archimedean zeta integral for GL,, X
GL,,_1 and thus Theorem 6 leads to

U(s,w) =
H;L:1 Ip(w' + aj)

szth+1—s—aw
with @’ = w — (n — 2)(s — 3) + 2. Thus Mellin

inversion implies that

n n—2
\11(57 Wn,a, Wn—2,a’) = H H P]R(S + a; + a;g)
jfl k=1
/ _ 1 'r(w+aj)
47r\/ Hk1FRw+1—s—ak)
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